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Stability of a Counter-Rotating Vortex Pair Immersed
in Cross-Stream Shear Flow

J. S. Marshall¤ and H. Chen²

University of Iowa, Iowa City, Iowa 52242-1585

The three-dimensional stability and nonlinear evolution of a single vortex and a pair of vortices of opposite

strength immersed in a weak cross-stream shear ¯ ow are examined. The shear ¯ ow rate S is assumed to be suf® -
ciently small compared to the average core vorticity C /¼¾2 that the vortex cross sections are nearly circular and

the effect of stretching of the background shear ¯ ow is negligible, while being suf® ciently large compared to the
vortex mutual interaction frequency C /2¼b2 to signi® cantly in¯ uence the stability of the vortex pair. The effect of

shear ¯ ow on the long- and short-wave instabilities are studied using a combination of linear theory and numer-
ical simulations for nonlinear disturbances. The presence of cross-stream shear is found to introduce a coupling

between the symmetric and antisymmetric perturbation modes of the vortex pair, which leads to the development
of three distinctly different types of long-wave vortex instabilities. One type of instability is dominated by the

interaction of the vortex self-induced velocity with the shear ¯ ow. The second type of instability is dominated by
interaction of the vortices with each other. In the third type of instability, both the shear ¯ ow and the mutual

interaction of the vortices are important. The nonlinear evolution of the vortex pair is qualitatively different for
each of these three cases. For short-wave perturbations, the presence of cross-stream shear is found to increase the

growth rate and wave-number range of the unstable perturbations, provided that the shearing rate is suf® ciently
large.

Nomenclature
b = vortex nominal separation distance
C = vortex centerline
e = equivalent straining rate, e ´ C / 2 p b2

fn = weighting function of element n
Gn = amplitude of element n
k = perturbation wave number
Rn = radius of element n
r = position vector to vortex centerline
S = shearing rate
u I , uE = vorticity-inducedand shear-¯ ow velocities
W = vorticity of ambient shear ¯ ow
x = position vector to any point in three-dimensionalspace
xn = position vector of element point n
y, z = perturbationsof vortex centerline
a = growth rate
b = dimensionless vortex separation distance, b ´ bk
C = vortex circulation
d = dimensionless vortex core radius, d ´ r k
d c , d R = Crow and Rosenhead cutoff constants
Åd = cutoff distance, Åd ´ d c r k
n = Lagrangian position of particle on vortex axis
r = vortex core radius
W , v = mutual induction functions
X n = self-induced rotation rate of mode n perturbation
x = self induction function [ x ( Åd ) ´ ¡ (2/ d 2)X ¤n (d )]
! = vorticity vector

Subscripts

A = antisymmetric mode
f = fastest-growingperturbations
S = symmetric mode
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Superscript

¤ = variable nondimensionalizedby C / p r 2

I. Introduction

T HE presence of nominally parallel vortices with opposite cir-
culation is a dominant feature in the wake behind most lifting

bodies, including airplanes, submarines, hydrofoil craft, and auto-
mobiles. These vortices exhibit well-known long-wave and short-
wave instabilities,1 with wave number k satisfying k r ¿ 1 and
k r = O(1), respectively.The effects of these instabilities are read-
ily observable, for instance, in oscillations of the trailing vortices
behind large aircraft under suitable atmospheric conditions. The
existence of the trailing vortices is responsible for a number of im-
portant effects. For instance,passage of aircraft through the trailing
vorticesof precedingaircraft is a signi® cant cause of loss of vehicle
control. Ocean surface displacement caused by submarine trailing
vortices offers a potential means of detection by satellite photo-
graphy. The stability and subsequent evolution of these vortices is
therefore a matter of signi® cant interest.

In a variety of vortical ¯ ows of practical interest, an ambient ¯ ow
may be present that exhibits shear normal to the vortex axes. Com-
mon examples where the three-dimensional stability of vortices in
cross-streamshear ¯ ows is important include three-dimensionalin-
teractionof coherentvortices in turbulentplane mixing layersor the
formation of hairpins from transversevortices in a turbulent bound-
ary layer. Counter-rotatingvortex pairs in the wake of lifting bodies
also are frequently exposed to cross-stream shear in the ambient
¯ ow. For instance, aircraft trailing vortices may be subject to shear
due to wind in the atmospheric boundary layer. Ship hull vortices
may experienceshear due to the wind-drivensurface ¯ ow or to tidal
¯ ows.

The three-dimensionalstabilityof vorticesin shear¯ ows has been
studied previously via numerical computations by a number of in-
vestigators for the case of systems of nearly parallel vortices with
the same circulation.2±5 These papersdemonstrate that a single vor-
tex (or an array of like-signed vortices) immersed in a cross-stream
shear ¯ ow exhibits an instability under certain conditions, due to
its own self-induced velocity in the presence of the ambient shear,
which may cause a perturbation to grow in a hairpin-like shape.

Although, in many of the examples noted above, there are other
effects (e.g., the presence of a boundary, arrays of many vortices,
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or nonuniform shear ¯ ow) that may in¯ uence the vortex mo-
tion, it is of value to speci® cally examine the effect of shear on
three-dimensional vortex stability in the absence of such compli-
cations. The present paper is concerned with the effect of shear
on the stability of a single vortex and of a pair of opposite-signed
(counter-rotating)vortices for the case in which the ambient shear
¯ ow lies normal to the vortex axes (cross-stream ¯ ow) and in the
plane of the vortex pair. We also have examined the case where the
shear ¯ ow is oriented along the vortex axes, but have found no in-
¯ uence of the shear on the vortex stability in the linear theory for
this case.Using a combinationof theoryand numericalcalculations,
we demonstrate that the presenceof cross-streamshear has a strong
quantitative effect on the regions of instability and growth rates of
the unstable perturbations and causes dramatic qualitative changes
to the nature of the instabilitiesobserved.

In the absence of a cross-streamshear ¯ ow, the long-wave stabil-
ity of a pair of counter-rotatingvorticeswas previouslyexaminedby
Raja Gopal6 , 7 and Crow8 using vortex ® lament theory, where the
self- and mutually induced velocities of the vortices are obtained
from the ® lament approximation to the Biot±Savart equation with
cutoff of the singularity in the self-induced velocity. The linear
theory was shown to remain valid well into the nonlinear regime
in numerical computations by Moore.9 Jimenez10 showed that a
pair of parallel (corotating) vortices is unconditionally stable in
the linear theory. Extension of the linear theory to account for
uniform axial ¯ ow in the vortex cores (which is a prominent fea-
ture of most wake vortices) was considered by Widnall and Bliss11

and Moore and Saffman.12 Robinson and Saffman13 considered the
three-dimensionalstabilityof arrays of in® nitely many parallel vor-
tices, including the Karman vortex street and the symmetric double
row. The long-wave stability theory for the counter-rotatingvortex
pair was further extended by Marshall,14 who showed that stretch-
ing of the vortices along their axes (which is a prominent feature
of turbulent hairpin vortices, for instance) leads to an eventual sup-
pression of the instability in the linear theory, although for weak
stretching rates the perturbations may grow substantially before
decaying.

Whereas vortex ® lament theory predicts both a long- and short-
wave instability for the vortex pair, the short-wave instability pre-
dicted by the ® lament theory (with no ambient shear or axial ¯ ow in
the vortex core) is spuriousand results from an incorrect expression
for the self-inducedvelocity by the ® lament theory for k r = O(1).
As shown by Moore and Saffman15 and Tsai and Widnall16 by anal-
ysis of the full Euler equations, the vortex pair does in fact exhibit a
short-wave instability for wave numbers close to that for which
the self-induced velocity of the second bending mode vanishes,
whereas the ® lament theory only includes the ® rst bending mode.
The short-wave instability of the vortex pair is due to the strain-
ing ¯ ow exerted on each vortex of the pair by the presence of the
other vortex, and is not signi® cantly affected by small oscillations
of the opposing vortex (for large values of bk). The most unstable
perturbationis orientedalong a line of vanishingazimuthal velocity
and is carried outward by the radial componentof the straining ¯ ow
induced by the opposing vortex.17 The short-wave instability was
later applied to explain the instabilityof vortex rings by Widnall and
Tsai.18

The problem of stability of a counter-rotating vortex pair im-
mersed in a cross-stream shear ¯ ow thus involves a competition
between the instability due to the mutually induced velocities of
the vortices (for both long- and short-wave perturbations) and the
instability due to the self-induced vortex motion in the presence of
the cross-stream shear. To simplify this problem, it is convenient
to assume (in the ® rst two parts of the paper) that the shear ¯ ow is
suf® ciently weak that the vortex cores remain nearly circular. For
small shear rates, it is also reasonable to assume that the stretching
of vorticity associated with the background shear ¯ ow has a neg-
ligible effect on the vortex evolution.2 For both of these reasons,
we consider ¯ ows with shear rate S small compared to the aver-
age core vorticity C / p r 2. So that the shear has a signi® cant effect
on the stability of a vortex pair, it is necessary that S be of the
same order as or larger than the frequency C /2 p b2 associated with
the mutual interactionof the vortices,where b is the nominal vortex
separationdistance.The present theory thus is concernedwith cases

with weak shear where the vortices are far apart in comparison to
the core radius (i.e., b/ r À 1). Nonlinear computations are per-
formed using vortex ® lament theory for long-wave perturbations
and a three-dimensionalvortex blob method (which is not restricted
to weak backgroundshear) for shorterwavelengthperturbationsand
for higher shearing rates.

The linear stability theory for both a single vortex ® lament and
a vortex pair in a background cross-stream shear are examined in
Sec. II. Nonlinear computations for long-wave instability showing
the effect of weak backgroundshear are described in Sec. III. Non-
linear computations examining the validity of the theoretical re-
sults for medium-wavelength perturbations at moderate shearing
rates are described in Sec. IV. Conclusionsof the study are given in
Sec. V.

II. Linear Stability Theory
In this section, we examine the linear stability of a single vortex

of strength C and a vortex pair of opposite strengths §C immersed
in a cross-stream shear ¯ ow:

uE = Szey (1)

where ey is a unit vector in the y direction. The vortex axes are
nominally aligned in the x direction, and the position vector to a
point identi® ed by the Lagrangian variable n on the vortex cen-
terline C is denoted by r( n , t ). For long-wave perturbations, the
vorticity-inducedvelocityuI of points on C is given by the ® lament
approximation to the Biot±Savart equation,

uI ( n , t ) = ¡
C

4 p *
C [d c]

r ¡ r 0

j r ¡ r0 j 3 £
@r 0
@n 0

d n 0 (2)

where r0 ´ r( n 0 , t ). The notation C[d c] implies that a segment of
length d c r is removed (or cut off) from the curve C on both sides
of the singularity at r = r0 , where the cutoff constant is given by8

d c = 1
2
exp( 1

4
) »= 0.642 (3)

for the case with uniform vorticity within the vortex core. The ve-
locity v = dr/dt of points on the vortex centerline is composed of
the sum of the vorticity-inducedvelocity uI ( n , t ) and a prescribed
velocity ® eld uE ( n , t ). For the case with a vortex pair, u I includes
both the self-induced velocity of a vortex and the velocity induced
by the opposing vortex of the pair.

For short-wave perturbations (with r k greater than about 0.5),
the velocity induced by the opposing vortex of the pair still can
be obtained from Eq. (2), provided that r / b is small, but the ® la-
ment approximationyieldsan incorrectsolution for the self-induced
velocity of the vortex. In the linear stability theory, the vortex is
convected at a velocity that consists of the sum of the prescribed
cross-stream shear ¯ ow, the velocity induced by the opposing vor-
tex (for a vortex pair), and the self-induced velocity uh = X n( d )r
due to the curvatureof thevortexaxis,where r is the displacementof
the core centroid from the nominal vortex axis. For small-amplitude
waves, the self-induced rotation rate can be obtained by numerical
solution of the exact dispersion relationship for bending waves on
a circular vortex core12 for waves with any value of d , and for long-
wave perturbationsyields results that approach those of the ® lament
approximation (2).

Note that both the straining ¯ ow induced by the opposing vortex
of the pair and the ambient shear ¯ ow will cause the vortex core to
become slightly noncircular. For short-wave perturbations without
shear ¯ ow, stability theories for a vortex in an ambient straining
¯ ow (which is used to simulate the effect of the opposing vortex of
the pair) have been developed by Moore and Saffman15 and Tsai
and Widnall,16 using an elliptical vortex core cross section as the
basic state.The resultsof these analysesare extremelycomplicated,
however, and would be considerably further compounded by the
addition of a weak ambient shear. Comparing the results of the
stability theories developed for a vortex of elliptical cross section
to earlier results obtained using the dispersion relationship for a
circular vortex core,17 Tsai and Widnall16 found that the results of
the two theories are qualitatively consistent and yield short-wave
stability results (e.g., growth rates, most unstable wave number)
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that differ by less than 15%. The effects of elliptical core cross
section, although not entirely negligible, thus seem not suf® ciently
important to warrant the complications introduced by its inclusion,
at least for small shearing rates.This conclusionis further supported
by comparison of the linear theory results to numerical solutions of
the full Euler equations in Sec. IV.

A. Single Vortex in a Cross-Stream Shear Flow

The perturbationsof the vortex occur in the y±z plane, such that
the position of a point with axial location n on the ® lament is given
by

r = n ex + y( n , t )ey + z( n , t)ez (4)

Using Eqs. (1) and (4), the evolution equations for the vortex axis
are

dy

dt
= u2 + Sz,

dz

dt
= u3 (5)

We considera harmonicperturbationon the vortexaxis with wave
number k, such that

y = Ãy(t )eikz , z = Ãz(t )ei kz (6)

For perturbations of the form (6) with in® nitesimal amplitude, the
Biot±Savart equation yields the self-induced velocity in the form8

u2 = ( C k2/ 2p ) x ( Åd )z, u3 = ¡ ( C k2/2 p ) x ( Åd )y (7)

where Åd ´ d c r k. The self-inductionfunction x ( Åd ) is obtained from
the ® lament equation (2), for long-wave perturbations,as

x ( Åd ) »= 1

2 [ cos Åd ¡ 1

Åd 2
+

sin Åd
Åd ¡ Ci ( Åd )] (8)

where Ci ( Åd ) is the cosine-integral. For small-amplitude perturba-
tions, the self-inducedrotation rate X n( d ) also can be obtained (for
any value of d ) from solution of the exact dispersion relationship
for bending waves on a circular vortex core12:

1

c2 [cd
J 01(cd )

J1(cd ) ¡
2

2X ¤n ¡ 1 ] = ¡ d
K 01( d )

K1( d )
(9)

where

c2 =
4 ¡ (2X ¤

n ¡ 1)2

(2X ¤n ¡ 1)2
and X ¤

n ´
p r 2X n

C

is a dimensionless self-induced rotation rate. The Bessel function
J1(cd ) has an in® nity of roots for cd > 0, each of which yields a
differentsolution(mode) for X ¤n , as indicatedby the differentvalues
of n. The solutions for the ® rst four modes are shown in Fig. 1. The
dashed line in Fig. 1 indicatesthe value X ¤n ( d ) predictedby the result
(8) of the ® lament theory, where X ¤

n( d ) and x ( Åd ) are related by

X ¤
n ( d ) = ¡ (d 2/2) x ( Åd ) (10)

SubstitutingEqs. (6) and (7) into Eq. (5), the evolutionequations
for the vortex become

d Ãy
dt

=
C k2

2 p
x ( Åd )Ãz + SÃz,

dÃz
dt

= ¡
C k2

2p
x ( Åd ) Ãy (11)

The solution of Eq. (11) for Ãy(t ) and Ãz(t) varies with time in pro-
portion to e a t , where the dimensionless growth rate a ¤ ´ p r 2 a / C
is given in terms of X ¤

n ( d ) and the dimensionless shearing rate
S ¤ ´ p r 2 S/ C by

( a ¤ )2
= X ¤

n
(S ¤ ¡ X ¤

n
) (12)

For S ¤ = 0, the coef® cient a ¤ is imaginary for all values of d , and
the resulting perturbations are unconditionally stable. Regions of

Fig. 1 Exact solution for self-induced rotation rate of a bending wave
on a circular vortex core for the ® rst-, second-, third-, and fourth-mode
perturbations: dashed curve is the ® lament theory approximation for
® rst-mode perturbations [obtained from Eqs. (7) and (8)].

Fig. 2 Stability diagram for long-waveperturbations of a single vortex
® lament in a cross-stream shear ¯ ow: shaded and unshaded regions
denote unstable and stable perturbations, respectively; boxed numbers
indicate mode of solution for X n from Eq. (9); dark curves denote the
most unstable wave numbers, as predicted by Eq. (11).

unstable (shaded)and stable (unshaded)perturbationsare shown on
Fig. 2 in the space of d and S ¤ . Boxed numbers are used throughout
this section to designate instability regions for different modes of
the solution for X ¤

n( d ) from Eq. (9). Because X ¤
1 < 0 for all d > 0,

the ® rst mode exhibits unstable regions in Fig. 2 only for S ¤ < 0,
such that the vorticity within the vortex has the same sign as that of
the ambient shear ¯ ow. Higher-mode solutions exhibit instabilities
for both positive and negative values of S ¤ , depending on whether
the sign of X ¤n ( d ) is positive or negative, respectively.

The most unstable perturbation, with d = d f , is obtained by
maximizing ( a ¤ )2 with respect to d , which yields

X ¤
n( d f ) = 1

2 j S ¤ j (13)

When Eq. (13) is satis® ed, the self-inducedrotation of the vortex is
balancedby the rotationinducedby the ambientshear¯ ow, such that
theperturbationgrowsat a constantangleof 45deg to thedirectionof
shear. Curves indicating the most unstableperturbationsare plotted
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in Fig. 2 for the ® rst three modes. The dimensionless growth rate
a ¤ f for the most unstable perturbations is obtained from Eq. (12)
as

a ¤
f = 1

2 j S ¤ j (14)

B. Vortex Pair in a Cross-Stream Shear Flow

The position rN ( n N , t) of a point n N on vortex N (= f 1, 2g ) at time
t is given by

rN = n N ex + [(b/ 2)( ¡ 1)N ¡ (S C t2/ 4p b) + yN ]ey

+ [¡ ( C t /2 p b) + zN ]ez (15)

where b is the nominal separation distance between the two vortex
® laments. The evolution equations for the vortex perturbations are

dyN

dt
= uN 2 + SzN ,

dzN

dt
= u N3 (16)

For harmonic, small-amplitude solutions for yN and zN of the form
(6), the self- and mutually induced velocities are given by8

u12 = ( C /2 p b2)[¡ z1 + w ( b )z2 ¡ b 2 x ( Åd )z1] (17a)

u13 = ( C /2 p b2)[¡ y1 + v ( b )y2 + b 2 x ( Åd )y1] (17b)

u22 = ( C / 2 p b2)[z2 ¡ w ( b )z1 + b 2 x ( Åd )z2] (17c)

u23 = ( C / 2 p b2)[y2 ¡ v ( b )y1 ¡ b 2 x ( Åd )y2] (17d)

where b ´ kb and the mutual induction functions are de® ned by

w ( b ) = b 2 K0( b ) + b K1( b ), v ( b ) = b K1( b ) (18)

Two modes of perturbation of the vortex pair, symmetric and
antisymmetric, are de® ned, respectively, by

ys =
y2 ¡ y1

b
, zs =

z2 + z1

b
(19a)

yA =
y2 + y1

b
, zA =

z2 ¡ z1

b
(19b)

Four independent functions of b and d are introduced as follows:

F1 = ( C /2 p b2)[1 + v ( b ) ¡ b 2 x ( Åd )]

F2 = ( C /2 p b2)[1 ¡ w ( b ) + b 2 x ( Åd )]

(20)

G1 = ( C / 2p b2)[1 ¡ v ( b ) ¡ b 2 x ( Åd )]

G2 = ( C / 2p b2)[1 + w ( b ) + b 2 x ( Åd )]

The evolutionequationsfor the symmetricand antisymmetricvortex
perturbations can be written in terms of the functions (20) as

dys

dt
= F2zs + SzA ,

dzs

dt
= F1 ys (21a)

dyA

dt
= G2z A + Szs ,

dzA

dt
= G1 yA (21b)

The presence of cross-stream shear causes a coupling between the
symmetric and antisymmetric modes in Eqs. (21a) and (21b). The
solution of Eqs. (21) for the symmetric and antisymmetric pertur-
bations is proportional to e a t , where the growth rate a is given by

a 2 = 1
2
(G1G2 + F1 F2) § 1

2 [(G1G2 ¡ F1 F2)
2 + 4S2G1 F1]

1
2 (22)

Stability diagrams are obtained from Eq. (22) by varying the
parameters b and d / b for ® xed values of the dimensionless shear-
ing rate S ¤ . Because the symmetric and antisymmetric modes are
coupled, there exist four solutions for a for each value of b and
d / b , which are given by §a + when the positive sign is chosen in
Eq. (22) and by §a ¡ when the negative sign is chosen. Stability

a)

b)

c)

Fig. 3 Stability diagrams for a vortex pair in cross-stream shear, with
dimensionless shear rates of a) S¤ = 0, b) S ¤ = 0.003, and c) S ¤ = 0.02.
[Boxed numbers indicate mode of solution for X n from Eq. (9); dark-
shaded regions along the ±/¯ axis and the ¯ axis indicate regions of
type A and B long-wave instabilities, respectively; gray-shaded regions
indicate type C long-wave instability.]
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Fig. 4 Closeup stability diagram for long-wave perturbations, with
types A, B, and C instabilities indicated by boxed letters. [All unstable
regions are for the ® rst-mode solution for X n from Eq. (9).]

diagrams for a + with values of S ¤ of 0, 0.003, and 0.02 are shown
in Figs. 3a, 3b, and 3c, respectively, for both long- and short-wave
perturbations.Boxed numbersagain are used to indicatethe modeof
solution for X ¤n . For S ¤ = 0, instability of long-wave perturbations
occurs in the ® rst-mode solutions and instabilities of short-wave
perturbations occur for second- and higher-order modes.17 These
instabilities are due to the mutual interaction between the two vor-
tices of the pair. This region of instability is also apparent for cases
with nonzero values of S ¤ . Because several different instabilities
occur for long-wave perturbations with S ¤ > 0, we henceforth
designate the instability associated with the region of long-wave
instability in Fig. 3a (due to mutual vortex interaction) as type A
instability.

An additional type of instability occurs in the presence of cross-
stream shear ¯ ow due to the interactionof the self-inducedvelocity
of the vortex with vorticity of the same sign as that of the shear
¯ ow with the ambient shear (as discussed in Sec. II.A). This shear-
induced instability is indicated by dark-shaded regions along the
b axis in Figs. 3b and 3c, which will henceforth be referred to
as type B instability. The outer boundary of the type B instability
occurs at a constant value d crit of d , where d crit corresponds with the
stability boundary in Fig. 2 (for the ® rst mode) for the given value
of j S ¤ j .

As indicated in Fig. 2, the critical value of d increases with in-
crease in shear rate, such that the region of long-wave shear-induced
instability increases progressivelywith S ¤ in Figs. 3b and 3c. Out-
side of the region where d < d crit , the region of the long-wave type
A instability does not appear to change with variation of shear rate.
The intersection of the region of type A instability in Fig. 3a and
the region d < d crit , where we would expect type B instability to
occur, results either in (surprisingly) stability of the vortex pair or
in an entirely different type of instability, which will henceforth be
referred to as type C instability and is denoted by gray-shaded re-
gions in Figs. 3b and 3c. A closeup view of these three types of
long-wave instabilities is given in Fig. 4 for S ¤ = 0.003, and the
three types of long-wave (® rst-mode) instabilitiesare designatedby
a boxed letter. Type C instability corresponds to cases where the
term under the square root in Eq. (20) is negative, such that a 2 has
both real and imaginary parts, whereas for both type A and type B
instabilities a 2 is a positive real number. The stability diagrams for
a ¡ include the type C instability (exactly as shown in the stability
diagrams for a + ), but not the type A or B instabilitiesfor long-wave
perturbations.

Note that the stability of long-wave perturbationsis dramatically
affectedby the presenceof shear, even for extremely small valuesof
the dimensionless shearing rate. The short-wave perturbations, on

the other hand, are not as much affectedby the shear ¯ ow until much
largervalues of S ¤ . In Fig. 3, the shear seems to cause only a gradual
thickening of the short-wave instability regions as S ¤ increases to
about0.02.As S ¤ increasesfurther to about0.1, the regionsof short-
wave instability are found to thicken very substantially, such that
the instability regions for the second and third modes merge. For S ¤
greater than about 0.2, the vortex pair becomes unstable to nearly
all wavelengths (such that instability diagrams of the form shown
in Fig. 3 will be completely shaded). It is noted, however, that the
presentlinear stability theoryassumescircularvortex cores and may
not be applicable for S ¤ values as large as 0.2.

The above theory can be further simpli® ed in the limit of large
b by noting that the mutual induction functions w ( b ) and v ( b )
approach zero in proportion to b 3/ 2e ¡ b and b 1/ 2e ¡ b , respectively.
Thus, for suf® ciently large values of b these terms are negligible
and the primary effect of the opposite vortex of the pair is simply to
exert a straining ¯ ow, with strain rate e = C /2 p b2, centered at the
nominal locationof the givenvortex.15±17 Under this simpli® cation,
the expression (22) for growth rate reduces simply to

a 2 = (e + X n )(e ¡ X n §S) (23)

The most unstableperturbationscorrespondto valuesof d satisfying
X n ( d f ) = j S j / 2, such that the growth rate of the most unstable
perturbation is given by

a f = e + ( j S j / 2) (24)

III. Nonlinear Evolution of Unstable
Long-Wave Perturbations

For long-wave perturbations of the vortex pair in a weak cross-
stream shear, the nonlinear vortex evolution is simulated using a
® lament theory in which the vortex is advected by the sum of the
prescribed shear ¯ ow [Eq. (1)] and the velocity u I induced by the
vorticity ® eld, obtained by numerical integration of the ® lament
approximation of the Biot±Savart integral in the form

u I ( n , t) = ¡
C

4 p *
C

r ¡ r0

( j r ¡ r 0 j 2 + l 2)
3
2

£
@r0
@n 0

d n 0 (25)

The parameter l serves to regularizethe integraland is related to the
core radius r (t ) at time t by l = 2d R r (t ), where d R = ( 1

2
) exp( ¡ 3

4
)

is the Rosenhead cutoff for uniform vorticity within the core cross
section. The core radius is assumed to be everywhere uniform, but
to vary with time so as to maintain constant core volume. Core
variation caused by differences in local stretching rates generate
axial waves that act to eliminate the core area differenceson a time
scalemuch smaller than that of the lateraldisplacementof the vortex
® lament.12,19

It may be useful at this point to review the limitations that use
of the vortex ® lament model, as given by Eq. (25), imposes on the
numerical simulations in this section. It has been noted previously
that the ® lamentmodel appliesonly to cases in which theaxial length
scale of the vortex deformation is long compared to the core radius.
From Fig. 1, we see that the ® lament approximationis suited only to
cases with perturbations satisfying d ·0.4. A second restriction is
that the ® lament approximation assumes that the vortex cores have
circular cross-section, which requires both that the dimensionless
shearing rate S ¤ is small (below about 0.1) and that the distance
separating two ® laments is suf® ciently large compared to the core
radius. Because for two vortices with opposite strength, the mutual
straining of the vortices does not lead to core breakup until nearly
the point at which the cores touch,20 the ® lament approximation
is commonly claimed to yield qualitatively accurate results until
nearly up to the point of core touching.9

In the numerical simulations, the vortex pair is assumed to be pe-
riodic over a prescribed wavelength k = 2 p / k. Each of the vortex
® laments are discretized into N sections over the computed period,
with even increments in the Lagrangian variable n , and the Biot±
Savart integral (25) is approximated using Simpson’s rule. The cal-
culationswere advancedin time, with a ® xed time step D t , using the
standardsecond-orderpredictor-correctormethodand were stopped
at the instant that the vortex cores touch. Symmetric perturbations
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Fig. 5 Plot comparing the wave amplitude computed using the nonlinear vortex ® lament model (solid curve) to the theoretical result of Crow8

(dashed curve) for a case with ¯ = 1.5 and ±/¯ = 0.15.

of the vortex ® lament were initially prescribed with amplitudes of
1% of the initial vortex separationdistance and oriented at an angle
of 45 deg to the nominal plane of the vortex pair.

A plot comparing the time variation of wave amplitude is given
in Fig. 5 for a calculation in which three periods of the vortices
are used in the Biot±Savart equation on each side of the computed
section, the computed wavelength is discretized by 100 segments
on each vortex, and the time step is set to 0.005(2 p b2/ C ). In this
comparison, the computed wave amplitude is found to differ from
the linear theory of Crow8 by less than 2%. A series of calculations
was performed to test the sensitivity of the numerical solutions to
each of the three numerical parameters listed above. In these tests,
runs were performedin which the numberof periodsof the vortexon
each side of the computed section was increased to 5 and to 10, the
time step was decreased to 0.002 (2 p b2/ C ) and to 0.001(2 p b2/ C )
and the number of segments used to discretize the vortex was in-
creased to 200. In all of these test calculations, the agreement with
the theoretical predictions is similar to that shown in Fig. 5. The
nonlinear calculations also were compared to results with a back-
ground shear ¯ ow using the linear theory in Sec. II, with similarly
close agreement.

Results of computations showing the nonlinear evolution of the
vortex pair are given in Figs. 6±8 for cases with long-wave instabili-
tiesof typesA, B, andC, respectively.Plots are shownforprojections
in both the x±y and x±z planes, and only every other computational
point is plotted. The three calculations shown here are all for a di-
mensionless shearing rate of S ¤ = 0.003; however, a large number
of other calculations have been performed with other values of the
shearing rate. The vortex pair evolution has been found to exhibit
similar characteristicsfor all points within a given instability region
(as shown by the three regions in Fig. 4), whereas results for points
in different instability regions are found to have striking qualitative
differences.

Type A instabilitiesare driven by the interactionbetween the two
vortices of the pair, and the shear has only a secondary effect on
the perturbation after the amplitude becomes large. The result of a
calculationtypicalof type A instabilities(for d = 0.08 and b = 0.8)
is shown in Fig. 6. At small amplitude, the vorticeshave the form of
the standard Crow instability,8 with nearly symmetric perturbations
that are aligned at an angle of about§45 deg relative to the nominal
plane of the vortex axes. As the perturbation amplitude becomes
larger, the shear ¯ ow has the effect of rotating the vortex system as
a whole, such that the symmetryplane is no longercoincidentwith a
plane y = const but becomes tilted in the directionof the shear ¯ ow.

Type B instabilitiesare driven by interactionof the ambient shear
¯ ow with the one vortex of the pair that has vorticity oriented

Fig. 6 Nonlinear evolution of a vortex pair undergoing type A long-
wave instability for a case with ± = 0.08, ¯ = 0.8 and S ¤ = 0.003. [The
plot is shown at time t = 9.0(2¼b2 /C ).]

nominallyin the samedirectionas that of thecross-streamshear.The
result of a calculation typical of type B instabilities (for d = 0.03
and b = 1.5) is shown in Fig. 7. Perturbations on the one vortex
of the pair that is made unstable by the shear ¯ ow grow steadily,
primarily in the direction of the shear ¯ ow. The other vortex of the
pair initially remains fairly straight, but eventually exhibits wavi-
ness due to the inducedvelocity from large-amplitudeperturbations
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Fig. 7 Nonlinear evolution of a vortex pair undergoing type B long-
wave instability for a case with ± = 0.03 ¯ = 1.5, and S ¤ = 0.003. [The
plot is shown at time t = 0.5 (2¼b2 /C ); the core radius appears smaller
in the top plot because the vertical scale is much smaller than in the
bottom plot; the apparent variation in core radius in the bottom plot is
due to differences in the horizontal and vertical scales.]

of the opposing vortex. The resulting evolution of the pair is thus
highly nonsymmetric, being dominated by the instability of only
one of the vortices.

The evolution of a vortex pair with type C instability (in which
both shear and interaction of the vortices are important) is shown
in Fig. 8 (for d = 0.02 and b = 0.4) and is found to be quite dif-
ferent in appearance than that observed for either the type A or
type B instabilities. Recall that the type C instability exhibits the
same instability regions for both the a + and a ¡ eigenvalues (which
correspond, respectively, to the growth rates of the symmetric and
antisymmetric perturbationswhen no shear is present),whereas the
type A and type B instabilitiesdo not occur for the a ¡ eigenvalues.
All calculations performed for type C instabilities exhibit strong
antisymmetric perturbations, which typically dominate the vortex
pair evolution, as shown in Fig. 8. The distance between the two
vortices of the pair thus remains roughly uniform (until the pertur-
bation amplitudes become very large), while the pair as a whole is
deformed into an S-like shape that lies primarily in the x±y plane,
but also exhibits a small amount of waviness when viewed in the
x±z plane.

IV. Nonlinear Evolution of Unstable Perturbations
at Moderate Shear Rates

The theoretical development and numerical calculations in the
preceding sections assume that the effect of the ambient shear and
the straininginducedby theopposingvortexof thepair is suf® ciently
small that the vortex cross section can be treated as approximately
circular. In this section, numerical computations are presented that

Fig. 8 Nonlinear evolution of a vortex pair undergoing type C long-
wave instability for a case with ± = 0.02, ¯ = 0.4, and S¤ = 0.003. [The
plot is shown at time t = 3.8 (2¼b2 /C ).]

seek to examine whether the principal results of the paper continue
to hold, at least approximately, for a case in which the shear is
suf® cientlystrongthat the vortexcrosssectiondeviatessubstantially
from a circular form.

Nonlinear evolution of the vortex perturbations is simulated by
solution of the full Euler equations in the vorticity±velocity for-
mulation using a type of Lagrangian vortex method developed by
Marshall and Grant.21 Computations using a viscousversion of this
method to solve the full Navier±Stokes equations, based on the dif-
fusion approach of Marshall and Grant,22 also were performed and
compared to the inviscid results. For an inviscid ¯ ow, the evolu-
tion of the relative vorticity vector ! is governed by the transport
equation

d!

dt
= [(!+ W) ¢ r ]u (26)

where W = ¡ Sex is the vorticity of the ambient shear ¯ ow. The
velocity vector u is obtained as the sum of the prescribed ¯ ow® eld
uE and the vortex-inducedvelocity u I , which is given by the Biot±
Savart integral

u I (x, t) = ¡
1

4 p *
V

(x ¡ x 0 ) £ !(x0 , t )

j x ¡ x 0 j 3
dv(x 0 ) (27)

where V denotes the entire space occupied by the ¯ uid and dv(x 0 )
denotes an in® nitesimal volume element in V .

In Lagrangian vortex methods, the vorticity is discretizedby a set
of N elements in order to evaluate the integral (27). The position
of the control points (the element centroids) at time t is given by
xn (t ), where n = 1, . . . , N , and the control points are convected
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Fig. 9 Plot of the vorticity vector in the x ± z plane, drawn at each internal control point, and the control point positions over a cross section of the
vortex core in the y± z plane for a case with S ¤ = ¡ 0.2 and ± = 0.63 (the vortex is shown at dimensionless times t¤ = 0, 13.9, and 31.5).

by the ¯ ow as material points. The vorticity representation used to
approximate the integral (27) has the form

!(x, t) =
N

Sn = 1

Gn (t ) fn[x ¡ xn(t ), Rn(t )] (28)

The element amplitude vector Gn (t) represents the integral of the
vorticity associated with the element over all space. The element
weighting function fn speci® es the distribution of vorticity within
the element.The weighting functionis normalizedsuch that its inte-
gral over all space is unity. The elements are overlappingGaussians
with radial length scale Rn , which is set to be about twice the dis-
tance between neighboring points.

With Gaussian weighting functions, the induced velocity at any
point x in space is obtained as

u I (x, t ) =
N

Sn = 1

P( 3
2
, j x ¡ xn j 2/ R2

n
)

4 p j x ¡ xn j 3
Gn £ (x ¡ xn) (29)

where P(a, z) is the incomplete gamma functionwith limits P = 0
at z = 0 and P = 1 as z ! 1 . When a =

3
2

and z = x2 , for

some real variable x , a convenient expression for P( 3
2
, x2) is given

in terms of the error function erf(x) as23

P( 3

2
, x2) = erf(x) ¡

2xe ¡ x2

p p
(30)

In standard vortex methods,24 a constant volume h3
n is assigned

to each element, such that the element amplitude is related to the
value of the vorticity !n at the element control point by Gn = h3

n!n .
Although this method is justi® ed by formal convergenceproofs,25, 26

the deformation of the original control-point arrangement by the
¯ ow can lead to accumulation of errors at large time, as originally
noted by Beale.27

An alternative method in which the amplitudes are ® t at each
time step to the vorticity values at the control points, which are
obtained from solution of Eq. (26), was suggested by Beale27 and
further developedby Marshall and Grant.21 In the latter method, the
amplitude ® t is performedusingthe approximateiterationprocedure

!(xm , t ) = G(q + 1)
m Sn 2 Q(m)

Wmn + Sn 2 P (m)

WmnG(q )
n (31)

where q is an iteration index. In this procedure, the amplitude is
temporarily assumed to be constant over a set of points Q(m) suf® -
ciently close to the given point m. The set P(m) is the complement
of Q(m) and Wmn ´ fn (xn ¡ xm ). Procedure (31) typically is found
to convergevery quickly to a relative error of less than 10 ¡ 6 (within
about6±15 iterations),and the numberof iterationsrequiredfor con-
vergence seems to be independent of the number of control points.
Further details about this procedure and validation tests are given
by Marshall and Grant.21 , 22

Calculations using the inviscid vorticity-basedmethod described
above,with theamplitude-® ttingprocedure(31),wereperformedfor
a single vortex immersed in a background cross-stream shear ¯ ow.
The initial perturbation in these calculations is a sine wave with
amplitude of 20% of the nominal core radius aligned at an angle of
45 deg to the shear ¯ ow direction. Calculations were performed for
cases with dimensionless shearing rates S ¤ of ¡ 0.2 and ¡ 0.4 for
both inviscid ¯ ow and viscous ¯ ow with a vortex Reynolds number
Re = 103 .

In these computations, the vorticity elements were placed in a
series of planes spanning the cross section of the vortex: 35 compu-
tationalpointswere placed in each plane inside the vortex core,with
radius r 0 , and 85 computationalpoints were placed in each plane in
an annular region with radius 2r 0 surrounding the vortex core. The
relative vorticity ! was initially prescribed to be uniform across the
core cross section on the internal points and zero on the external
points. At later times, the external points developednonzero vortic-
ity due to stretching of the vorticity associatedwith the background
shear ¯ ow.

The value of X ¤
1 corresponding to the fastest-growingmode-one

perturbation is given by Eq. (13) as one-half of S ¤ , and the corre-
sponding value of d for the fastest-growing wave is obtained from
Fig. 1 as d = 0.6 for S ¤ = ¡ 0.2 and as d = 1.3 for S ¤ = ¡ 0.4.
Using the nominal core radius r 0 , the perturbation wavelength is
set as k / r 0 = 10 for S ¤ = ¡ 0.2 and as k / r 0 = 5 for S ¤ = ¡ 0.4,
which in both cases is close to the fastestgrowingwave. For the case
with S ¤ = ¡ 0.2, the computations were performed with 40 cross-
sectional planes (4800 elements) within the computed section and
one period of the ¯ ow® eld on each side of the computed section.
For the case with S ¤ = ¡ 0.4, the computations were performed
with 20 planes (2400 elements) within the computed section and
two periods on each side of the computed section. The time step
was set adaptively, but maintained at less than D t ¤ = 0.23 for the
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Fig. 10 Plot of the vorticity vector in the x ± z plane, drawn at each internal control point, and the control point positions over a cross section of the
vortex core in the y± z plane for a case with S ¤ = ¡ 0.4 and ± = 1.26 (the vortex is shown at dimensionless times t¤ = 0, 5.3, and 11.1).

case with S ¤ = ¡ 0.2 and D t ¤ = 0.15 for the case with S ¤ = ¡ 0.4
(where t ¤ = C t / p r 2). A second-orderpredictor±corrector method
was used to advancethe solutionin time. Short runs were performed
with more periods and shorter time steps to ensure that the ¯ ow cal-
culation is not signi® cantly in¯ uenced by these parameters.

The element radius was held ® xed at R = 0.5 r 0 for all ele-
ments during the computation. Whereas the computational points
are placed within a region with nominal core radius r 0 from the vor-
tex axis, the vorticity ® eld associated with these elements extends
outward from the nominal core because of the ® nite thickness of
the vorticity blobs. An effective core radius of the vortex, de® ned
by the sum r E = r 0 + R of the nominal core radius and the av-
erage element radius, previously has been found to yield excellent
agreement with theoretical results in a variety of test calculations.22

Computational results for cases with S ¤ = ¡ 0.2 and S ¤ = ¡ 0.4
are shown in Figs. 9 and 10, respectively, showing the vorticity
vectors in the x±z plane (for each point internal to the core) and
control point positions in the y±z plane within a cross section of
the core at three different times. Although the core cross section is
initially circular, it quickly deforms into a roughly elliptical shape,
which rotates in the y±z plane while varying aspect ratio in an
oscillatory manner similar to that described (in two dimensions) by
Kida.28 The maximum aspect ratio is about 1.7 for the case with
S ¤ = ¡ 0.2 and 2.8 for the case with S ¤ = ¡ 0.4.

The perturbation along the axis of the vortex seems to become
alignedprimarily in the x±z planeand to grow in the z direction.The
growthof the unstableperturbationis followeduntil the amplitude is
four to ® ve times the initial value. A plot showing the variationwith
time of the estimated wave amplitude for the two cases computed
is given in Fig. 11. The solid and dashed curves in Fig. 11 are the
best-® t exponential curves with amplitude starting at 20% of the
nominal core radius r 0. The outermost point for the case with S ¤ =
¡ 0.2 was not used in the curve ® t, because the vortex evolution is
highlynonlinearfor this case.The coef® cientsof theexponential® ts,
denotedby a ¤

exp, are foundto be0.03and 0.05 for thecaseswith S ¤ =
¡ 0.2 and S ¤ = ¡ 0.4, respectively,with an uncertaintyof about0.01
in both cases. Because the time t ¤ is nondimensionalizedusing the
nominal core radius r 0 , we compare the product a ¤

exp( r E / r 0)2 with
the theoretical prediction for a vortex with effective radius r E . The
effective core radius for both computations is given by r E = 1.5 r 0

with an uncertaintyof about 0.15r 0 . The theoretical predictionwas
obtainedby using Fig. 1 to ® nd X ¤1 with d based on the effectivecore

Fig. 11 Plot showing growth of perturbation amplitude with time for
the computations illustrated in Figs. 9 and 10: the data are indicated by
circles and squares, and best-® t exponential curves are indicated by a
solid line and a dashed line for cases with S ¤ = ¡ 0.2 and S ¤ = ¡ 0.4,
respectively.

radius r E and then usingEq. (12) to obtain the dimensionlessgrowth
rate a ¤ . For the case with S ¤ = ¡ 0.2, the theoretical prediction is
a ¤ = 0.087 and the estimated value of the comparable quantity
a ¤

exp( r E / r 0)
2 from the computationsis 0.068 § 0.026. For the case

with S ¤ = ¡ 0.4, the theoretical prediction is a ¤ = 0.18 and the
estimated value of the comparable quantity a ¤

exp( r E / r 0)
2 from the

computations is 0.11 §0.03.
Considering the facts that the shear rate in the computations is

not small and the core region exhibits considerable deformation,
the computationsare found to agree reasonably well with the theo-
retical predictions. We note also in this regard that Moore29 found
that a vortex ring with elliptical cross section propagates at a mean
speed that is nearly the same as that of an equivalent ring (with
the same core area and circulation) with circular cross-section,but
experiences small, rapid oscillations in propagation speed because
of the rotation of the elliptical core. It seems likely that a similar



304 MARSHALL AND CHEN

situation might hold for the effect of core cross-section shape on
the self-induced velocity of (long-wave) bending perturbations on
otherwise straight vortices.

Near the end of the computations, the computational points ex-
ternal to the core begin to attain signi® cant vorticity magnitudes
through stretching of the vorticity ® eld of the background shear
¯ ow. The backgroundvorticity is initially aligned in the x direction,
but with time becomes partially oriented in the y and z directions
through the term (W ¢ r )u in Eq. (26) when the y and z components,
v and w , of the vortex-inducedvelocity exhibitnonzerogradientsin
the x direction.These axial gradientsof v and w arise becauseof the
unstable axial perturbations of the primary vortex. The turning of
the backgroundvorticity in the y±z plane eventually leads to forma-
tion of wrapped vortex structures about the primary vortex, which
stretch because of the induced ¯ ow from the primary vortex. The
wrapped vortex structures grow progressively stronger with time
until they ® nally disrupt the primary vortex core. All of the com-
putational results reported in Figs. 9±11 are for times at which the
wrapped vortex structures are weak and their effect on the vortex
instability is negligible.

The viscous ¯ ow calculations,with Re = 103, exhibited similar
results for the evolution of the vortex core as have been described
in this section for the inviscid ¯ ow calculations,with the exception
of a small growth in core radius of at most 20% of the initial ra-
dius during the courseof the computations.The viscouscalculations
also yield vorticity structures in the external ¯ ow that wrap about
the primary vortex, but the maximum vorticity within these struc-
tures is noticeably lower in the viscous ¯ ow calculationsbecauseof
the effects of dissipation. The agreement between the viscous and
inviscid ¯ ow calculations supports our claim that the stretching of
the background vorticity ® eld does not have a signi® cant effect on
the evolution of the primary vortex during the period for which the
computational results are presented.

V. Conclusions
The paper examines instability of a counter-rotatingvortex pair

in the presence of cross-streamshear. For long-wave perturbations,
it is found that three distinct types of instabilitiesoccur. One type of
instability is dominatedby the mutual interactionof the two vortices
of the pair, and the resulting evolution of the vortex pair appears as
a nearly symmetric perturbation, in which the symmetry plane is
rotated slightly by the ambient shear. A second type of instability
is due to the interaction of the ambient cross-stream shear with
the one vortex of the pair that has vorticity of the same sign as
that of the shear ¯ ow. With this type of instability, one vortex of
the pair becomes highly elongated by the shear ¯ ow, whereas the
other vortex exhibits smaller (secondary) displacements due to the
inducedmotion from the ® rst vortex. In caseswhere both the mutual
interaction of the vortices and the ambient shear ¯ ow would be
expected to cause vortex instability, it is found that either the vortex
pair will be stabilizedor an entirelydifferent,third type of instability
will occur. With this third type of instability, the vortices evolve in
an antisymmetric wave, in the form of a tilted S-shaped curve. It is
found that the cross-streamshear will have a profound effect on the
long-wave evolution of the vortex pair, for cases with suf® ciently
small values of r / b, even when the shear rate is an extremely small
fraction (e.g., less than 0.1%) of the average vorticity within the
vortex core.

For short-wave instabilities, the presence of cross-streamshear is
foundto havevery littleeffecton the stabilityof thevortexpair, aside
from a slight widening of the bands of unstablewave numbers, until
the shearing rate exceeds about 5% of the average vortex vorticity.

The conclusionsof this paper are restricted to shearing rates that
are suf® ciently small that the deviation of the vortex cross-section
from a circular shape can be neglected. Numerical computations
of the instability of a single vortex in a shear ¯ ow with moderate
shear rates indicate that the theoretical stability results (at least for
a single vortex) continue to hold qualitatively even for shear rates
that are not in® nitesimal. This result suggests that the stability of
a vortex due to interaction with a cross-stream shear may not be
very sensitive to deformation of the vortex core, provided that the
shearing rate is not so large as to cause the core shape to spread out
into a thin sheet.

Finally, for an unstable vortex at moderate shearing rates, the
background shear ¯ ow stretches (because of the wave motion on
the primary vortex) and becomes partially oriented in the cross-
sectionalplane of the primary vortex, forming vortex structures that
wrap about the primaryvortexcore.These structuresalso stretchout
in the direction of the shear ¯ ow, becoming progressively stronger
in time and eventually disrupting the primary vortex core.
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